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FORWARD 


Under  previous  support  from  the  AFOSR,  we  developed  a  superconducting 
accelerometer  and  gravity  Radiometer  with  the  ultimate  objective  of  measuring  the  inverse 
square  law  of  gravity.  This  accelerometer  is  described  in  die  final  repent  to  the  AFOSR  for 
Contract  #  80-0067.  The  present  report  covers  a  grant  of  $30,000  to  further  develop  this 
instrument  as  a  very  sensitive  gravitational  gradiometer.  During  the  past  year  we  worked  to 
improve  this  gradiometer,  and  the  result  of  this  work  is  desccribed  in  the  enclosed  paper. 
The  work  was  done  primarily  by  Joel  Parke,  a  visiting  graduate  student  from  the 
University  of  Maryland,  together  with  his  professor,  H.  J.  Paik,  who  was  on  sabbatical 
leave  from  the  University  of  Maryland. 
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We  have  demonstrated  that  a  passive  subtraction  of  the 
thermal  sensitivity  can  be  accomplished  at  low  frequencies.  This 
subtraction  can  be  extended  to  higher  frequencies  by  coupling  the 
temperature  sensing  coll  more  tightly  In  temperature  to  the 
gradient  sensing  coll.  This  could  be  accomplished  by  mounting  the 
temperature  sensing  coll  to  the  inside  surface  of  the  gradient 
sensing  coll  form.  This  would  minimize  the  thermal  time  constant 
between  the  gradient  coll  and  the  temperature  coll.  It  Is* 
believed  that  such  a  geometry  would  allow  cancellation  at 
frequencies  below  0.1  Hz.  This  combined  with  conventional 
temperature  stabilization  of  the  Inner  vacuum  can  would  allow  the 
Inverse  square  law  test  to  be  carried  out. 


tl 

t| 

t 


Kola*  In  Superconducting  Gravity  Gradloai 

W.  M.  Fair bank  and  B.  R.  Mapolaa 
Departaant  of  Phyaica 
Stanford  University,  Stanford,  CA  94305 

D .  DaBra 

Departaant  of  Aaronautlca  and  Aatronautica 
Stanford  Unlveralty,  Stanford,  CA  94305 

and 


tars 


H.  J.  Paik,  J.  N.  Parka 
Departaant  of  Physics  and  Astronoay 
University  of  Maryland,  Collage  Park,  MD  20742 


I .  Introduction 


In  1974  Long1  pointed  out  that  existing  experlaental  data 
allows  large  violations  of  the  Inverse  square  law  of  gravity  at 
distances  less  than  103  ka.  Since  Long's  Initial  article  appeared 
In  Nature,  there  has  been  a  great  deal  of  Interest  In  a  possible 
violation  of  the  Inverse  square  law  of  gravity.  Such  a 
possibility  Is  extresely  exciting,  and  nay  open  a  door  Into  an 
area  of  physics  that  we  have  been  previously  unable  to  exaalne. 

A  recent  reanalysis3  of  the  Botvos  experlaent  suggests  the 
existence  of  a  force  coupling  to  Baryon  number.  The  existence  of 
such  a  force  would  alter  the  aeasurment  of  the  force  between  two 
bodies  so  that  the  law  of  gravity  would  be  effectively  violated. 
Any  such  violation  Is  weaker  than  the  already  weak  gravitational 
force,  and  must  compete  with  a  great  deal  of  environmental 
disturbances  of  equal  or  greater  strength.  Thus,  any  experlaent, 
designed  to  detect  such  a  violation,  must  be  extremely  sensitive 
to  the  forces  applied  to  It  and  extrealy  insensitive  to 
environmental  changes.  These  two  contradictory  requirements  have 
caused  experimentalists  to  attempt  to  Improve  the  experimental 
environment  and  control  dleturbances. 

Recent  experiments,  using  superconducting  gravity 

gradloaeters3 ’ *'*•  *  operating  at  liquid  helium  temperatures, 
take  advantage  of  Improvements  In  detection  sensitivity  and  the 
Improved  experlaental  conditions  that  exist  at  liquid  helium 
temperatures . 

Improvements  In  detection  sensitivity  and  scale  factor 
etablllty  arise  through  the  unique  properties  of 
superconductivity.  Superconductivity  provides  an  extremely 
eensitlve  superconducting  cur  rent- to-voltage  amplifier,  the  SQUID. 
Scale  factors  are  controlled  by  persistent  currents  stored  In 
superconducting  loops  which  are  absolutely  stable. 


The  «xp«riMntal  condition*  that  axiat  at  4  K  ara  vaatly 
auparlor  to  thos#  that  axiat  at  rooa  teaparatur*.  Th*  tharaal 
and  aachanlcal  propart laa  of  aatarlals  ara  auch  aora  atabla.  Tha 
Brownian  aotlon  dna  to  tha  tharaal  phonon  background  la  alao 
greatly  raducad. 

Daaplta  thaaa  advantage*  and  laprovaaanta ,  aupar conducting 
gradloaatara  at 111  auffar  from  environmental  diaturbancaa.  Three 
aaln  types  of  diaturbancaa  are  laportant.  Temperature  fluctuations 
disturb  scale  factors,  change  the  penetration  depth  of  niobium, 
and  causa  aachanlcal  parts  to  contract  and  expand.  Selaalc  noise 
partially  couples  to  tha  differential  modes  of  the  gradloaatar. 
Rotation  of  tha  gradloaatar  Introduces  centrifugal  forces  that 
Bust  be  separated  froa  tha  true  gravitational,  or  at  least 
nonlnertlal,  forces  acting  on  the  gradloaetar.  Lastly,  aagnetlc 
fields  can  be  picked  up  by  tha  sensing  loops  in  tha  gradloaatar 
and  aaplifled  by  tha  SQUID,  Introducing  additional  fictitious 
signals. 

All  present  superconducting  gravity  gradioaeters  suffer  froa 
these  same  noise  sources.  During  1984  and  1985,  we  were  able  to 
study  these  noise  sources  In  the  Stanford  Gravity  Gradiometer4  . 

At  the  start  of  this  work,  excess  noise  In  the  low  frequency 
regime  was  thought  to  be  due  to  excess  thermal  sensitivity  in  tha 
superconducting  readout  circuitry.  In  order  to  treat  and  study 
this  effect,  a  second  superconducting  readout  circuit  sensitive 
only  to  changes  In  temperature  was  added  to  the  gradloaeter  and 
coupled  to  the  readout  circuit. 

By  coupling  both  the  gradient  sensing  coil  and  the 
temperature  sensing  coll  to  the  output  SQUID,  a  passive 
subtraction  of  the  thermal  sensitivity  can  be  accomplished  at  low 
frequencies.  At  the  same  time,  by  storing  current  In  only  one  of 
tha  sensing  loops,  thermal  or  gravity  gradient  effects  can  be 
Independently  examined. 


1 


-  3  - 


I 


The  teapereture  sensing  circuit  Is  coupled  directly  to  the 
gravity  gradient  sensing  circuit  through  a  second  transformer. 
This  change  In  the  readout  circuit  Bade  It  necessary  to 

recalibrate  the  Instrument.  The  analysis  for  the  gradient  sensing 
circuit  has  been  previously  done  by  Mapoles4  In  his  thesis.  An  . 
extension  of  this  analysis.  Including  theraal  effects.  Is 

presented  In  Section  II. 

During  the  study  of  the  theraal  sensitivity  of  the 
gradloaeter,  It  was  deteralned  that  two  primary  sources  of  excess 
noise  exist  In  the  gradloaeter  below  0.2  Hz.  These  are  the 
large  theraal  drift  in  the  readout  circuit,  and  the  motion  of  flux 
trapped  in  the  gradloaeter  and  the  surrounding  shields. 


4  - 


II.  The  Basic  Gradlometer 

The  Stanford  Gradlometer*  utilizes  a  displacement  differencing 
method  to  detect  gravitational  gradients.  The  gradient  sensing 
coll  Is  rigidly  attached  to  one  of  the  proof  masses,  and  aeasures 
the  distance  to  the  second  proof  mass.  By  measuring  the  relative 
motion  of  the  two  proof  masses  directly,  a  partial  common  mode 
balance  exlets  before  any  of  the  tuning  circuits  are  activated. 
It  is  this  feature  that  Is  the  basis  of  the  displacement 
differencing  design. 

The  gradlometer  Is  shown  schematically  in  Figure  1.  All 
parts  are  cyllndrlcally  symmetric.  Bach  of  the  two  proof  masses 
is  supported  by  two  mechanical  springs.  These  mechanical  springs 
are  folded  cantilevers  cut  Into  circular  disks  of  niobium  and 
confine  the  two  proof  masses  to  move  along  a  single  axis  with  a 
high  degree  of  mechanical  compliance. 

When  a  gravitational  gradient  Is  applied  along  the  sensitive 
axis  of  the  gradlometer,  the  two  proof  masses  move  relative  to 
each  other.  This  motion  modulates  the  inductance  of  the  gradient 
sensing  coll  which  In  turn  Is  coupled  to  the  SQUID  amplifier  which 
amplifies  this  small  change  in  current.  The  gradient  sensing  coll 
Is  mounted  on  the  face  of  at  on  a  0.25  cm  thick  coll  form  of  Macor 
machinable  ceramic.  The  sensing  coll  Is  wound  In  a  single  layer 
on  the  surface  of  this  coll  fora.  It  consists  of  400  turns  of 
0.089  mm  diameter  niobium  wire. 

Since  the  Meissner  effect  will  not  allow  the  magnetic  field 
from  the  gradient  sensing  coil  to  penetrate  the  second  proof  mass 
ma ,  the  inductance  of  the  gradient  sensing  coil  may  be  written  as 

( 1 )  d0  +  ^<j  ^ xj  ” xi  )  ' 

where  Ac  Is  the  change  In  inductance/meter  given  by  fjQ  n*  Ac  ,  nQ  ■ 


the  number  of  turns/aeter,  A  ■  the  area  of  the  6.9  ca  dlaaeter 

w 

sensing  coil,  and  dc ■  the  effective  initial  separation  of  the  coll 
froa  the  proof  aass  ms .  xs  and  xa  represent  displaceaents  of  a} 
and  aa ,  respectively. 

In  addition  to  this  aodulatlon  of  the  gradient  sensing  coll 
Inductance  by  the  relative  motion  of  mt  and  a3 ,  any  change  in 
temperature  will  cause  a  change  in  the  effective  spacing,  dc . 
This  can  be  represented  by  a  temperature  dependent  term  aqt (T-T0  ) 
so  that  Lcls  completely  described  by 

(2)  Lc  -  Acdc  ♦Ac(x2-x1)  +Agt(T-T0)  , 

where  ACT  gives  the  change  in  Inductance/Kelvin,  and  will  be 
calculated  In  Section  V. 

The  temperature  sensing  coll  was  wound  as  two  solenoldal 
colls  on  the  outside  of  the  cylindrical  casing  of  the  gradloaeter. 
Each  coil  has  a  diameter  of  11.43  ca,  a  width  of  2.17  ca,  and 
consists  of  240  turns  of  0.089  am  niobium  wire.  These  colls  are 
held  in  place  by  a  thin  layer  of  Stycast  epoxy,  and  shielded  by  a 
second  superconducting  niobium  shield.  Any  change  in  temperature 
will  cause  a  change  In  the  effective  spacing  of  the  coil  to  the 
niobium  casing.  The  inductance  of  the  temperature  sensing  coil 
can  be  written  as 


(3) 


-  ATdT  +  ATT<T-V 


where  A  _  is  the  change  in  inductance/Kelvin,  d,.  is  the  effective 


is  the  inductance/meter  given 


by 

mm 


number  of  turns/meter  of  0.089 

the  area  of  one  of  the  temperature 


initial  separation,  and  AT 
2 fd0n*  At,  where  *  the 

diameter  niobium  wire,  and  AT 
sensing  colls. 

These  sensing  colls,  for  gradient  and  temperature,  are 
coupled  together  using  two  impedance  matching  transformers,  and 


A__  will  be  calculated  in  Section  V. 
TT 
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i 
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connected  to  the  rf  SQUID7  ee  shown  in  Figure  2.  The  final 
output  current  containing  both  gradient  and  thermal  terns  Is 
amplified  by  the  SQUID. 

The  degree  of  coupling  from  the  gradient  sensing  Is 
proportional  to  the  magnitude  of  Ico  .  Similarly,  the  coupling  from 
the  temperature  sensing  coil  Is  controlled  by  1^  .  To  see  this 
quantitatively.  It  Is  necessary  to  write  three  flux  conservation 
equations,  one  for  each  of  the  loops  In  Figure  2.  These  are 

<«>  <L3+  V<Xco  +  V  *  *  <Acdc+  V1™  • 

(5)  (L$+  1*4  l*)i  +  "as^co*  V  +  ”46^0 +  At)  "  MasIco+  "♦e1™  ' 

(6)  (1^4  I*  MW  V  +  Mi5i  -  (A^  4  L4)Ito  . 

where  the  self-inductances  L1  and  mutual  Inductances  M4J  are 
defined  In  Figure  2,  and  1Q  and  tj.  represent  signal  currents  for 
gradient  and  temperature.  Substituting  Eqs.  (2)  and  (3)  into  Eqs. 
(4),  (5)  and  (6),  linearizing  the  equations,  and  solving  for  the 
output  current  1,  we  obtain 

M23  Ago^g ^xa “  xi ^ 

(7)  1  *  -  4 

<A«V  LjHL,.  I*  ♦  -  Ma33 


M23  XC0A0T 


(Acd04  La)(L34  Ls  4  L+)  -  M\ 

^4  5  AtO^TT 


<at*t  +  L*>  W  h  +  Lc>  -  M4, 


Mt-t0)  , 


where  L' 

G 


the  effective  inductance  of  the  gradient  sensing  coll. 


Lq  ,  as  seen  through  the  transformer  (L3  ,L5  )  by  the  SQUID,  which  Is 
given  by 


(0) 


L '  - 


M 


L3- 


2  3 


<La  + 


Ad  ) 
c  c  ' 


and  L^;  *  the  effective  Inductance  of  the  temperature  sensing  coll 
L_ ,  as  seen  through  the  transformer  (L4,L6)  by  the  SQUID,  which  is 
given  by 


(9) 


V 


4  6 


(L44-  Ar^) 


In  examining  the  output  current  1,  a  natural  separation  of 
the  two  signals,  gradient  and  thermal,  can  be  seen.  If  we 
concentrate  on  the  mechanical  motion  of  the  gradlometer,  we  may 
simplify  Eq.  (7).  Ignoring  thermal  effects,  we  have 

M23ICOAC^X3  “  xt  ^ 

(10)  1  «  -  . 

<Acdc+  La)(L,+  I*  +  I^>  -  Mj, 


A  gravitational  gradient  r  applied  to  the  gradlometer  causes 
a  displacement  of  the  two  proof  masses  which  Is  controlled  by  the 
stiffness  of  the  differential  spring  constant  mu>*  .  Thus 


(11) 


t 


where  «p  is  the  differential  resonance  frequency,  and  b  is  the 
baseline  between  the  two  accelerometers. 

Thus,  when  a  gradient  T  is  applied  to  the  gradlometer,  an  output 
current  ir  is  produced: 


The  SQUID  amplifies  this  small  current  and  produces  an  output 
voltage  given  by 

(13)  Vp  *  R  ip  t 

where  R  ■  2  x  10s  0. 

Equation  (12)  shows  only  part  of  the  dependence  of  ir  on  IG0  . 
As  expected,  the  differential  resonance  frequency  «D  Is  dependent 
on  the  coupling  between  the  mechanical  system  and  the  sensing 
clcultry. 

A  natural  measure  of  this  coupling  can  be  given  by 


where  is  the  resonance  frequency  of  the  differential  mode  when 
the  stored  current  IG0  is  zero. 

In  order  to  calculate  the  degree  of  coupling,  /?,  and 
understand  the  way  in  which  the  sensing  current  affects  the 
differential  resonance  frequency,  we  must  look  at  the  reaction 
forces  on  the  proof  masses  mt  and  m3  due  to  the  magnetic  pressure 
from  the  gradient  sensing  coil.  This  force  is  given  by 

(15)  P21  ■  2/j—  Ag  “  7  Ac  a  7  Ac  *00  +  Ac  *g  ho  ' 

where  ic  may  be  calculated  by  solving  Eqs.  (4),  (5),  and  (6).  We 

have 


(16) 


A  m  _  *co*c  <xa  ~  xi  ^ 

°  U*a  *  *cV  “  '♦  **  ♦  V  ' 

where  we  have  Ignored  second  order  terse,  and  terae  dependent  on 
(T  -  T0>. 

Substituting  Eq.  (16)  Into  Eq.  (15),  we  obtain  the  force,  Fai  , 
of  the  gradient  sensing  coll  on  a, : 


(17) 


where 


(18a) 


rai  *  Fo  -  ^  «**  "  xi  > 


ro  *7  *0*00  ' 


(18b) 


^  ho 


k  .  _ _ 

(La  ♦  -  *£,/(!*  ♦  I *  ♦  hj) 


He  can  begin  to  see  the  dependence  of  «D  on  the  degree  of 
coupling  froa  the  gradient  sensing  coll.  The  electrical  circuit 
supplies  a  DC  force  which  tends  to  separate  the  two  proof  Basses, 
and  an  additional  spring  constant  kg  which  adds  to  the  aechanlcal 
spring  constant.  Newton's  equations  of  notion  for  and  n3  give 
for  the  two  nodes  of  the  gradloaeter 


(19a) 


(19b) 


d?  (X’  ‘X‘> 


(k  +  2kg  ) 


( x3  -  xt )  , 


i*,  ♦  *. )  *  -  s  <»  ♦  i*,  ♦  *. )  • 


where  M  *  the  nass  of  the  gradloaeter  casing,  k  is  the  mechanical 
spring  constant  froa  the  folded  cantilever  springs  supporting  each 
of  the  proof  nasses,  and  a  «  *  na  . 

The  differential  and  common  mode  frequency  can  be  seen  from 


-  10  - 


-n  V-  *•-  r-  *  V  -  -,r  ^  ^  W  V  • 


Bqs.  (19)  to  be 


( 20a) 


» 


(20b) 


(i  ♦ 


2m. 


To  complete  the  analysis,  a  dependence  of  k*  on  I _  must  be 

Included.  This  dependence  arises  through  the  change  In  the 

equilibrium  spacing  of  the  gradient  sensing  coll,  dQ ,  as  the 
magnetic  pressure  on  proof  masses  mt  and  m^  Increases. 

In  the  Stanford  gradlometer,  unless  the  sensing  current,  I00  , 
mas  greater  than  4.0  A,  the  sensing  coll  and  the  proof  mass  m3 

touch.  Thus  for  *00  >  xcf  "  4,0  A'  the  gradient  sensing  coll 

equilibrium  spacing,  ,  Is  given  by 

(21)  dc  -  *  +  - t£Ll  , 

k 

where  dQ  -  the  effective  spacing  of  the  gradient  sensing  coll  when 

*00  *  ^OF  * 

Combining  Bq.  (21)  with  Eqs.  (18)  and  (20),  we  may  solve  for 
the  complete  dependence  of  on  I*0  : 


(22) 


u 


*  . 


+ 


2  *1 


A<A  +  L,  + 


aJuJo  - 


OF 


-i 

(L,  +  \  * 


By  setting 


(23s) 


\  ■  {*<A 


+  L  - 


<LS 


Waa  ) 

♦  h  * 


(23b) 


»L0(2w)a 


Eq.  (  22)  say  be  written  ss 


(24) 


«3  “  Wn  ♦ 

D  O 


(2«)»2  r  1*0 


{ 


1  + 


r(i*  -  ia  ) 

•  '  *(J0  */sr  / 


GF 


The  dependence  of  «a  on  Xa0  can  now  be  seen  clearly. 
Initially,  while  Ia0  is  still  smII,  it  is  constant  at  «a  .  As  IaQ 
Increases,  *>a  cliabs  to  a  constant  value  of  3&>a  for  large  IaQ  . 
This  laplles  that  the  range  of  coupling,  0,  Is  0  to  2/3. 

A  plot  of  the  experimental  data  fa  versus  l|0  and  a  fit  to  Eq. 
(24)  is  shown  In  Plgure  3.  The  numerical  fit  gives 


(25a) 

(25b) 


fn  -  68.9  Hz  , 


r0xp  -  31.4  Hz3 /A3 


From  the  geometry  of  the  cantilever  springs  as  given  by 
Mapoles4  and  using  the  classical  formula  for  a  bent  beam,  we  have 


(26) 


3  Euh3 
*  Z7T~ 


(2«)a 


where  a  ■  1.07  kg  is  the  mass  of  each  proof  mass,  u  *  9.55  x 
10“ 3 m  is  the  width  of  each  cantilever,  h  *  7.1  x  1 0  4 m  is  the 
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thickness  of  each  cantilever,  l  •  1.115  x  10" 3  n  la  the  length  of 
each  cantilever,  and  E  -  126.5  x  109  N/m  la  the  Young's  modulus  of 
nloblua  at  4.2  K.  Equation  (26)  gives 

(27)  fo,th,  "  74*4  H*  • 

This  Is  In  fair  agreement  with  tQ  #xp*  A  further  check  can 
be  obtained  by  calculating  tQ  from  the  fc  In  Eq.  (20b).  Using 
f_  -  76.9  Hz,  and  M  ■  6.69  kg,  we  obtain 

C  itxp 

(28)  f0  -  69.2  Hz  . 

This  Is  In  good  agreement  with  f0 1#  • 

In  the  previous  work  with  the  gradloaeter,  a  fQ  of  60  Hz,  and  a 
I0F  ■  3.0  A  Is  reported  by  Mapoles.4  The  shift  in  fQ  and  In  I0F 
can  possibly  be  accounted  for  if  a  shift  in  the  equilibrium 
position  of  the  springs  occurred. 

r  may  be  computed  from  Eq.  (23b)  by  using  Ac  ■  0.79  H/m,  a  ■ 
1.07  kg,  ■  250  fin.  L3  ■  186  fl H,  MJ}  ■  22  fill,  L3  »  4.9  ft H, 

■  2  fill  +  0.6  ftH  (stray  Inductance),  and  ■  0.7  fiH.  This  value 
of  Is  computed  by  substituting  L6  ■  0.8  fiH,  M4S  *  4.4  /iH  ,  dj.  ■ 

19  fm,  At  ■  2.48  H/m,  and  L4  *  43  fiH  Into  Eq.  (9).  This  results 
In  a  theoretical  value  for  r : 

(29)  rth?  -  45  Hz3 /A3  . 

Experimentally,  we  found  a  smaller  number,  rExp  ■  31.4  Hz3 /A3, 

as  given  In  Eq.  (25b). 

Now  that  we  have  a  clear  understanding  of  the  mode  structure 
of  the  gradiometer  and  the  superconducting  readout  circuitry,  we 
are  In  a  position  to  examine  the  intrinsic  noise  of  the 
gradiometer . 
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II.  SQUID  Amplifier  Roil*  and  Brownian  Motion 


If  tho  gradiometer  la  operated  in  a  perfectly  quiet 
environment,  l.e.,  with  no  seismic  noise,  no  background  magnetic 
field,  and  no  thermal  drift,  then  the  theoretical  performance  of 
the  gradiometer  la  limited  by  the  SQUID  amplifier  noime  and  the 
nolee  force  coning  from  the  phonon  background  at  4.2  K. 

The  SQUID  amplifier  noime  la  specified  aa  the  equivalent 
input  nolae  energy  in  J/Hz  at  the  SQUID  input  eenelng  coll  : 

(30)  1  L,  „  df  -  E,  it  . 

where  E„  s  *  6  x  10~a9  J/Hz. 

Thia  effective  nolae  current  at  the  Input  to  the  SQUID 
amplifier  la  equivalent  to  a  gradient  nolae,  fS  »  acting  on  the 
gradiometer.  To  eee  thlm  clearly,  we  may  rewrite  Eq.  (12)  timing 
Xqa.  (14),  (18).  and  (20): 


(31) 


“Jo*1,  ♦  h,  *  W1* 


where  0  is  the  amplifier  coupling  as  defined  in  Eq.  (14).  By 
substituting  ijj  s  in  place  of  ip  ,  we  nay  solve  for  the  effective 
gradient  nolae  due  to  the  SQUID  amplifier  noise:. 


(32) 


Wjljo*1-,  ♦  ^  ♦  ^>J 


The  effective  gradient  nolee  due  to  the  phonon  background  at 
4.2  K  may  be  computed  from  the  noise  force  given  by  the  Nyqulet 
theorem : 


(33) 
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This  is  equivalent  to  a  gradient  noisa  of 


(34)  rj  df  -  df 

■  •  T  ba  aQ 

These  two  sources  of  gradient  noise  give  a  lower  bound  on  the 
perforaance  of  the  gradioaeter: 


(35) 


,  ♦  w  + 


banQ 


In  general,  it  is  necessary  to  ainiaize  this  sue  as  a 
function  of  I00 .  However,  in  this  case,  the  aaplifler  noise  is 
dominant.  The  Brownian  notion  noise  nay  be  coapuxed  by  using  T  - 
4.2  K,  f0  -  84  Hz,  a  «  1.07  kg,  b  »  3.2  ca,  k^  *  1.381  x  10"a,J/K, 
Q  ■  5  x  10*: 

(36)  r.  _  -  0.068  E/Hz* / 2  , 

If  #1 

where  1  E  -  1  Eotvos  unit  ■  10"9s”a  is  a  unit  of  gravity  gradient. 
This  will  be  nuch  less  than  r_  _ ,  and  we  aay  ainiaize  r.  _  by 

n  fO  If  |9  m 

itself.  This  is  equivalent  to  ainlalzlng 

(37) 

This  is  a  ninimun  when 

(38) 

Using  f0>#xp  -  68.8  Hz  and  r0Xp  -  31.4  Hza  /Aa  ,  we  have  I60#<>pt  - 

6.71  A  or  equivalently,  using  Eq.  (24),  we  find 

(39)  -  |  or  $opl  -  1/3 

Substituting  the  optimum  current  into  r_  _  gives 

If  #  ® 


(40) 


2 

72Ao  ^37 


•XL  ,♦  L  ,♦  W)a  Eh> 


M3a3Ls 


Substituting  y  *31.4  Hza/Aa  ,  fQ  ■  68.9  Hz,  L.  *  4.9  pH, 

9ip  V  i  9  Xp  9 


1^-2  pH,  a  -  1.07  kg.  b  -  3.2  ca,  Has  ■  22  pH,  I0F  -  4.0  A, 


*« ,s  “  5  x  l0"29  J/®*»  and  aq  *  0.79  H/a,  we  obtain 


(41) 


T  „  c*  2.2  K/HZ  *'a  . 


He  aay  also  calculate  the  scale  factor  froa  Eq.  (31): 


(42) 


bMaJJ  a 


*  **  ♦  H)  A< 


Using  Eq.  (13)  and  substituting  In  nuaerlcal  factors,  we  find 


(43) 


*  0.62  pV/E 

r 


rB  6  Is  the  basic  noise  of  the  gradloaeter  and  any  additional 
noise  Is  due  to  theraal,  seismic,  or  aagnetlc  noise  In  the 
experlaental  environment . 

For  the  original  Stanford  Gradloaeter,  with  a  different 


transforaer,  Ma poles4  reported  previously  that  r  m  70  Hza/Aa, 


.opt"  4*2  A'  and 


(44) 


-  1.2  pV/E  or  r_  _  -  1.14  E/Hz1 7  2 

J*  n  fQ 


This  decrease  of  the  gradlent-to-voltage  scale  factor  Is  partially 
due  to  the  smaller  coupling  of  the  new  transforaer  used  In  the 
present  work.  However,  it  does  not  seem  that  the  factor  of  2 
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decrease  can  be  accounted  for  entirely  by  this.  The  aoet  likely 
parameter  that  haa  changed  over  4  yeare  le  the  coll  epaclng  d  . 
Apparently,  hae  lncreaeed  froa  approximately  35  /ia  to  250  jim. 
This  change  nay  be  due  to  a  duet  particle,  or  a  partial  failure  of 
the  epoxy  bond  that  holde  the  gradient  eenelng  coll  to  the  Macor 
coll  form.  Without  dleaeeeably.  It  la  lapoeelble  to  completely 
determine  the  cause. 
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III.  Gradlometer  Pvrforaanct 

Theoretically,  (Ignoring  environmental  noise),  the  output  of 
the  gradlometer  should  be  white  noise  at  the  level  of  1.4  jiV/ Hz1'2 
from  0.01  Hz  to  the  peaks  due  to  the  resonance  of  the  gradlometer 
In  the  common  and  differential  mode.  After  storing  a  current 
close  to  the  optimum,  Ico  -  6.69  A,  in  the  gradlometer  sensing 
coll  and  balancing  the  common  mode  acceleration  out  of  the 
differential  mode,  we  obtained  the  data  shown  In  Figures  4,  6,  and 
6. 

The  quietest  region  occurs  just  below  1  Hz  with  a  noise  of 
approximately  36  E/Hz1/a.  This  Is  sixteen  times  the  noise  floor 
due  to  the  amplifier  noise  alone,  and  It  must  have  been  caused  by 
environmental  noise.  What  Is  even  worse  is  the  climb  In  noise 
lavel  below  0.1  Hz  since  this  region  is  where  the  inverse  square 
law  experiment  Is  to  be  performed.  In  the  region  where  one  may 
see  the  signal  from  the  3.24  x  10s  kg  steel  cylindrical  shell,  as 
It  is  raised  and  lowered  over  the  experiment,  the  noise  is 
approximately  250  E/Hz1 / 2  .  This  level  is  unacceptably  high,  and 
must  be  due  to  environmental  noise,  either  large  thermal  drift  or 
the  movement  of  flux  trapped  in  the  cryostat.  The  various  peaks 
seen  in  the  data  are  caused  by  resonances  in  the  vibration 
Isolation  used  to  remove  seismic  noise  from  the  gradlometer. 


IV.  ThersMi  Noli*  in  the  Gradloaeter 


The  basic  sensitivity  of  the  gradloaeter  to  changes  In 
temperature  Is  shown  In  Eq.  (7).  If  we  concentrate  on  changes  In 
the  output  current  due  to  a  change  In  temperature,  It  apprears 
that  we  can  simplify  Eq.  (7)  to  read 


(45) 


1 


(T  -  T0) 


M33  ^O^CT 


[<AcdC  +  L3)(L,+  i*>  -  Mj3 


+ 


M*6  Itoatt 

■  —  ■  ■  —  ■  ■  ► 

I -i)  -  M.% 


This  Is  not  correct.  It  Is  Important  to  realize  that  the  proof 
masses  are  free  to  move  In  response  to  any  change  in  the 
gradloaeter  sensing  current  IG0+  lc  ♦  A  change  In  the  gradloaeter 
sensing  current  produces  a  force 


(46) 


F 


3  1 


AC  *C  ^0 


which  attempts  to  seperate  the  proof  masses  a  distance 


(47) 


X3  -  X1 


AC 


Substituting  Eq.  (47)  into  Eqs.  (4),  (5),  and  (6),  linearizing  the 
equations,  and  solving  for  the  current  1,  we  obtain 
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(1-0) 


(48) 


1  - 


(T  -  T0) 


MJ3 I00A0T 

<W  La  •  I Lj  +  **♦  -  *U 


M4B  *TOATT 

+  - 

(ATdT*  L4)(I%+  !*♦  '  )  -  Ml, 


where  LJ  '  le  the  effective  Inductance  of  the  gradient  Stns*icy$  coll, 
when  the  proof  nasses  are  allowed  to  move,  as  seen  through  the 
transformer  (La,Ls)  by  the  SQUID.  '  Is  given  by 


(48)  L^' 


L„  - 


23 


L3  +  AC*C 


k  +  K  t(L4*  *T«T><V  L.+ 

^  +  ATd,HIfc+  L,+ 


In  writing  Eq.  (48),  we  have  assumed  that  the  temperature  of  the 
gradlometer  Is  the  same  everywhere.  This  should  certainly  be  true 
at  a  low  enough  frequency.  However,  we  will  see  that  this  Is  not 
true  above  approximately  0.01  Hz.  A  more  accurate  assumption  Is 
that  each  sensing  coll  has  Its  own  temperature;  l.e.. 


(50)  1 


(1-0) 


M,,  I„  A  „  (T„  -  T  ) 
23  CO  CT '  C  0' 


M, .  I_nA__  (T_  -  T  ) 
48  TO  TT  T  O' 


(ACV  L2><L3+  LS+  LT>  -  M23  <AT<V  L4  > < L8  +  LS +  LC  ’  > 


where  TQ  and  Tt  are  the  temperatures  of  the  gradient  sensing  coil 
and  the  temperature  sensing  coll,  respectively. 

In  examining  Eq.  (48),  Is  seems  clear  that  the  thermal 
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sensitivity  of  the  gradlometer  may  be  "dropped  out"  by  a  correct 
adjustment  of  the  temperature  sensing  current,  IT0 ,  as  a  function 
of  IQ0 .  However,  Eq.  (50)  shows  that  this  cancellation  will  occur 
only  at  sufficiently  low  frequencies  where  Tc  a  Tt .  At  higher 
frequencies,  a  complicated  thermal  structure  will  be  seen. 

At  the  start  of  this  work,  It  was  felt  that  the  difference  In 
temperature  throughout  the  gradlometer  should  be  negligible  below  a 
frequency  of  approximately  0.1  Hz.  Me  have  seen  In  the 
experiment,  however,  that  the  relevant  time  scale  la  on  the  order 
of  100  s.  Below  0.01  Hz,  Eq.  (48)  starts  to  approximate  the 
thermal  situation  In  the  gradlometer  reasonably  well. 

Indeed,  the  time  scales  for  thermal  heat  pulses  to  move 
within  the  gradlometer  are  on  the  order  of  10  s;  however,  the 
phase  shift  is  still  apparent  at  100  s.  This  Is  because  thermal 
systems  are  first  order  in  nature. 

The  gradlometer  can  be  broken  up  Into  several  Isolated 
thermal  pieces.  Heat  first  reaches  the  outside  casing  (at  Tc  with 
a  heat  capacity  Cc ) ,  then  passes  to  the  bulk  of  the  gradlometer 
(at  TB  with  heat  capacity  C# ) .  From  the  bulk  of  the  gradlometer, 
heat  moves  slowly  through  the  thin  niobium  springs  to  the  two 
proof  masses  mt  and  m2  (at  TN  with  heat  capacity  CM ) ,  and  finally 
heat  moves  slowly  through  the  Hacor  coll  form  to  the  gradient 
sensing  coll  (at  TM  with  heat  capacity  C0 ) .  This  Is  schematically 
represented  In  Figure  7. 

The  thermal  equations  of  "motion"  can  be  written  as 


(51a) 


f2s.  -  mi 

dt  C„ 


<V  V 


c» 


(51b) 


dT, 


B 

dt 


t*B-  v  Cc 


CB 


<V  V  CM 


BN 
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(51c) 


(51d) 


.  .  <V  V 

dt  tbh 

m  _  <V  V 

dt  thc 


where  P(t)  is  heat  applied  to  the  outside  casing  and  t  is  the  tine 
constant  for  heat  transfer  from  the  1-th  part  to  the  J-th  part. 

Using  this  model,  and  applying  a  heat  lnpulse  to  the  outside 
casing  through  a  heater  coll,  we  obtained  the  parameters  given  In 
Table  1.  Typical  data  and  fit  to  the  nodel  are  shown  In  Figures 
8  and  9. 

A  partial  verification  of  these  parameters  may  be  obtained  by 
examining  Cc/CB  and  CM/Cg  with  an  exchange  gas  pressure 
approximately  10"  3  p. 

Since  heat  capacity  Is  proportional  to  mass. 


(52) 


CH  _  ai  +  na  B  1.07  ka  ♦  1.07  kg  ,  0.32 

CB+  Cc  mc+  nig  6.69  Kg 


Similarly  from  Table  1, 


(53) 


cm  CM  /Cb 

1 


0.35  . 


These  numbers  are  in  good  agreement. 

Using  the  thermal  model  of  the  gradlometer  and  looking  at  the 
steady  state  response,  we  may  compute  the  transfer  function: 
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This  transfer  function  will  tell  us  the  degree  of  balance 
between  the  temperature  at  the  outside  case  and  the  temperature 
at  the  gradient  sensing  coll.  Setting  P(t)/Cc  ■  A  e*iand  solving 
for  the  steady  state  response,  we  obtain 

T  -  T 

(55)  -£ - 2.  (s)  - 

Tc 

8{CbTbhtcbtmc83  *  8[tcsthc<V  Cb>  *  tbm^tmccc+  tcbcb^| 

+  cc^tbm+  tmg^+  <c*  +  cb  ^cb} 

<8Ta«+  J>  {CBTBHTCB8a+  [TCB<CM+  CB>  +  TB*Cc]8  +  Cc} 

This  transfer  function  is  plotted  in  Figure  10  for  the  data  with 
approximately  10" 3 n  exchange  gas.  It  is  clear  from  the  plot  that 
the  temperature  of  the  outside  casing  and  the  temperature  of  the 
gradient  sensing  coll  are  very  different  above  0.01  Hz  and  no 
temperature  balance  is  possible  above  this  point. 

Nlth  a  little  thought,  it  also  becomes  clear  that  the 
temperature  of  the  gradient  sensing  coil  fluctuates  much  less  than 
the  temperature  of  the  case.  At  high  frequencies,  say  above 
0.2  Hz,  all  of  the  thermal  noise  reaching  the  case  should  be  much 
suppressed  when  it  reaches  the  gradient  sensing  coll. 
Quantitatively,  if  we  examine  the  transfer  function 


(56) 


T  T  T  —L 
|  IN  Cl  NC  C|T 


^  c  c 

•a  [Tc.  (t»m  +  tmc>  +  1%  tc#tmo+  tbmthcJ 

•[t»m+  tmc+  tcb<  C”  *  C^-  }]  +  x| 


it  is  clear  that  the  gradioaeter  sensing  coil  is  well  filtered  by 
this  third  order  low-pass  function.  Substituting  in  the 
paraaeters  froa  Table  1  for  an  exchange  gas  pressure  of 
approximately  10~3/i,  we  obtain 


(57) 


h.  _ 


"Jf3  (19s)*-fa  (46s)a+jf (91s)+l  ' 


where  we  have  set  s  ■  2wjf.  At  a  frequency  of  0.01  Hz,  the 
difference  between  TQ  and  Tc  is  only  1.6  db.  However,  at  0.1  Hz, 
Tc  fluctuations  are  suppressed  by  26  db.  This  Increases  to  39  db 
at  0.2  Hz.  Clearly,  thermal  fluctuations  should  sake  no 
contribution  to  environmental  noise  in  the  gradioaeter  above  0.2 
Hz.  This  is  our  first  indication  that  the  excess  noise  in  the 
gradioaeter  aay  be  due  to  another  source. 

By  storing  currents,  XT0  ■  4.02  A  and  ZCQ  -  0  A,  in  the 
gradioaeter,  we  can  magnify  thermal  noise  and  suppress  inertial 
disturbances.  This  data  is  plotted  in  Figure  11. 

Comparing  this  with  our  previous  data  in  Figure  5,  we  see 
that  our  excese  noiee  above  0.2  Hz  aust  be  related  to  inertial 
disturbances.  This  coaparison  is  shown  sore  clearly  in  Figure  12. 

Below  0.2  Hz,  the  excess  noise  aay  be  due  to  the  movement  of 
aagnetlc  flux  trappped  in  the  shields  surrounding  the  gradioaeter. 
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or  duo  to  fluctuations  In  teaperature.  Inertial  disturbances 
should  be  soaewhat  suppressed  below  0.2  Hz  since,  In  this  region, 
selsalc  disturbances  drop  In  aaplltude  and  there  are  no  resonance 
peaks  In  the  gradloaeter  suspension  structure.  This  drop  In 
aaplltude,  which  Is  aeasured  with  a  room  teaperature  acceleroaeter 
constructed  at  the  University  of  Maryland,  Is  shown  In  Figure  13. 
At  worst,  the  selsalc  noise  should  provide  a  flat  background,  and 
yet  we  observe  a  sharp  Increase  as  f  becoaes  zero. 

If  we  exanine  the  output  of  the  gradloaeter  without  any 
current  stored  In  the  readout  circuitry,  we  obtained  the  data  In 
Figure  14.  We  observe  a  large  aaount  of  excess  noise.  This  noise 
cannot  be  caused  by  teaperature  changes  In  the  gradloaeter,  as  the 
aaount  of  residual  current  trapped  In  the  gradloaeter  Is  very 
small.  Typical  data  for  the  gradloaeter  ouput  voltage,  with  no 

current  stored.  Is  plotted  as  a  function  of  tlae.  Is  shown  In 
Figure  16.  Flux  aoveaent  Is  shown  clearly  In  Figure  15. 

The  type  of  step  function,  as  shown  In  Figure  15,  will  produce 
noise  with  a  l/fa  characteristic  when  It  is  spectrally  decomposed. 
This  noise  will  contribute  to  the  excess  noise  In  the  gradiometer 
below  0.2  Hz.  By  comparing  the  data  in  Figures  14  and  ll,  we 
conclude  that,  while  the  movement  of  flux  is  important,  it  is  not 
the  major  source  of  noise  below  0.2  Hz.  Adding  a  //-metal  shield 
to  the  dewar  would  eliminate  the  low  frequency  noise  due  to  the 
movement  of  trapped  flux,  but  excess  thermal  noise  would  still  be 
present.  The  flux  noise  is,  however,  very  important  In  any 
experiment  in  which  the  signal  frequency  lies  above  0.1  Hz. 

Mapoles4  previously  reported  a  thermal  sensitivity  of  the 
gradiometer,  dV/dT,  equal  to  31.6  x  (Ico/l  A)  V/K  .  This  is  an 
extraordinary  sensitivity  to  teaperature  changes.  If  the 

gradiometer  has  6.69  A  stored  in  the  gradient  sensing  coil,  it  is 
necessary  to  stabilize  the  teaperature  to  better  than  6.6 

nK/Hz  1/2 ,  over  the  region  of  experimental  Interest,  in  order  to 


Halt  the  contribution  of  thermal  noise  to  the  total  noise  so  that 
the  SQUID  amplifier  noise  dominates. 

By  adding  the  readout  circuit  sensitive  only  to  changes  In 
temperature.  It  was  hoped  that  a  passive  subtraction  of  temperature 
changes  could  be  attained  for  frequencies  below  0.1  Hz.  He  found 
that  this  subtraction  did  not  occur  until  approximately  1  mHz.  At 
this  frequency,  we  did  observe  much  Improvement  In  the  thermal 
sensitivity  of  the  gradlometer. 


f.  Theraal  Stiwitivlty  in  the  Oradlowitr 


During  the  original  work  on  the  Stanford  Gradloaeter ,  the 
only  candidate  for  the  aechanlea  that  producee  the  high  theraal 
sensitivity  of  gradloaeter  ,  dV/dT,  was  the  change  In  the 
penetration  depth  of  nloblua  as  a  function  of  teaperature.  This 
effect  was  10  tlaes  too  snail,  and  the  actual  nechanlsa  was 
unknown.  Whatever  the  aechanlea,  It  was  thought  that  It  should 
decrease  as  the  teaperature  was  lowered  below  4.2  K.  Mapoles 
constructed  a  cold  plate  In  order  to  cool  the  gradloaeter.  This 
did  not,  however,  lnprove  the  theraal  perforaance. 

We  now  know  that  three  major  mechanisms  affect  the  theraal 
sensitivity  of  the  gradloaeter.  These  are,  the  change  In 
penetration  depth  of  nloblua,  the  theraal  expansion  of  Stycast  epoxy 
at  cryogenic  teaperatures ,  and  the  change  In  Young's  aodulus  of 
nloblua  below  the  superconducting  transition  point. 

For  the  first  effect,  Mapoles4  reports  that 
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where  XQ  «  440  A  and  Tc  ■  9.2  K  for  nloblua.  At  4.5  K, 
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1.22  x  10~9  m/K 


It  Is  difficult  to  deteralne  the  theraal  expansion 

coefficient  of  Stycast  epoxy  at  4.5  K,  but  an  estimate  may 
be  obtained  froa  Serafinl  and  Koenig9  of 
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The  change  in  Young'*  aodulue  of  nlobiua  a*  reported  by 
Kraaer  and  Bauer*  Is  dependent  on  the  degree  of  etreee  In  the 
saaple,  the  degree  of  chealcal  purity,  and  the  frequency  at  which 
It  la  aeaeured.  A  rough  eetlaate  of  this  appears  to  be 

i  dY  _  A 

(6la)  —  —  -  25  x  10  6  /K  at  4.5  X  , 

Y  dT 

(61b)  ±  —  -  50  x  10'*  /X  at  3  X  and  below 

Y  dT 

These  three  effects  can  be  used  to  coapute  the  expected  change 
In  self-inductance  of  the  gradient  sensing  coll  and  the  teaperatur* 
sensing  coll . 

The  teaperature  sensing  coll  Is  shown  scheaatlcally  In  rigure 
16.  The  thickness  of  the  layer  of  epoxy  bonding  the  nlobiua  wire 
to  the  nlobiua  casing  of  the  gradioaeter  Is  approxlaately  130  pm. 
If  we  assuae  that  the  wire  aoves  half  the  distance  that  the  epoxy 
expands  or  contracts,  then  the  change  In  the  coll  spacing  nay  be 
coaputed  as 

d  dJ  ,  dL  . 

(62)  — —  *  65  pm  x  —  —  ■  0.98  x  10  9  a/X 

dT  L  dT 
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The  change  In  the  penetration  depth  of  nlobiua  contributes  twice, 
once  at  the  surface  of  the  wire  and  again  at  the  surface  of  the 
casing.  There  arises,  however,  a  factor  of  one  half  which  cancels 
this.  The  pentration  depth  le  defined  as  the  mean  distance  over 
which  the  aagnetic  field  B  penetrates  a  superconductor.  If  BQ  Is 
the  field  strength  at  the  surface  and  B(x)  Is  the  field  strength 
Inside  the  superconductor,  then 


(63) 
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The  aaount  of  Magnetic  energy  that  penetrates  the  Inside  of  the 
superconductor  per  unit  area  Is  equal  to 
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The  resulting  change  In  self-inductance  effectively  Modifies  d,.  as 


(65) 


2-i-l  -  2  x  l  x  31111  -  1.2  x  10  “•  a/K 


ill  on 


The  change  In  dj  due  to  penetration  depth  changes  and  theraal 
expansion  add  together  to  give 


(66) 
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A_  can  now  be  coaputed  by  setting 


d  d_.  p 

(67)  Att  -  At  x  -  2.49  H/a  x  2.2  x  10"9  a/K  -  5.6  nH/K 


total 


The  gradient  sensing  coll  Is  shown  schenatlcally  in  Figure 
17.  The  sensing  coll  is  held  to  the  Macor  coil  fora  by  a  thin 
layer  of  Stycast  epoxy  approxlaately  125  /im  thick.  This  Macor 

coil  fora  Is  held  to  the  proof  aass  aa  by  a  second  layer  of 
Stycast  epoxy  approxlaately  25  /m  thick. 
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Because  the  thermal  expansion  of  the  epoxy  moves  the  sensing 
coll  and  the  coll  fora  towards  the  proof  mass  a,  ,  the  equilibrium 
spacing  dQ  Is  reduced.  As  previously,  we  assume  that  the  niobium 
sensing  coll  moves  half  as  much  as  the  expansion  of  the  epoxy 
bonding  It  to  the  coil  form.  To  this  le  added  the  expansion  of 
the  thin  layer  bonding  the  coll  fora  to  the  proof  mass  a2 .  The 
expansion  of  epoxy  gives, 

d  drtl  ,  dL 

(68)  - -  «  -(65  /m  ♦  25  /ia)  x  -  —  -  -  1.4  x  10‘9  m/K 
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The  change  In  dQ  due  to  penetration  depth  changes  Is 
identical  to  the  change  in  d,. , 

(69)  - -  -  2  X  i  X  -  +  1.2  x  10"9  m/K 
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At  this  point,  we  immediately  notice  that  Eqs.  (64)  and  (65) 
almost  cancel  each  other.  Thus,  without  a  third  mechanism  to 
provide  additional  thermal  sensitivity,  there  is  no  hope  of 
explanlng  the  large  thermal  sensitivity  of  the  gradloaeter. 

This  third  mechanism  is  provided  by  the  niobium  springs  that 
support  the  proof  masses.  Because  the  Young's  modulus  changes  as 
a  function  of  temperature,  the  equilibrium  spacing  dG  fluctuates 
with  temperature. 

The  sensitivity  of  the  gradiometer  output  to  this  change  is 
directly  proportional  to  how  much  the  springs  are  loaded.  To  see 
this  clearly,  we  may  compute  the  equilibrium  spacing  of  the  two 
proof  masses.  The  magnetic  force  causing  the  masses  to  separate 
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This  dsflnss  the  equilibrium  stretch  dST.  Setting  the 
restoring  force  equal  to  the  magnetic  force,  we  obtain 
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where  the  factor  of  2  enters  because  both  proof 
Solving  for  dST ,  we  find 


maseee  move . 


(72) 


The  mechanical  spring  constant  k  Is  directly  proportional  to  the 
Young's  modulus  of  niobium.  Differentiating  dc  with  respect  to 
temperature,  using  Eq.  (25)  and  setting  k  -  m»* ,  we  find 
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6.69  A,  and  using  Eqs.  (61)  ,  we  obtain: 


(74a) 


d  d„ 


dT 


-  -  4.4  x  10"9  a/K  at  4.5  K 

*pr 1 ng 


(74b) 
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In  contrast  to  ths  changs  in  penetration  depth,  this  effect  is  such 
larger  at  3  X  than  at  4.5  K. 

Equations  (68),  (69),  and  (74)  coabine  to  give 
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4.6  x  10“ ’  n/K  at  4.5  K 


(75b) 
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9.0  x  10  m/K  at  3  K  and  below 


A  can  now  be  computed  by  setting 
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substituting  in  Eqs.  (75)  and  setting  A  -  0.79  H/a,  we  obtain 


(77a) 


-  3.6  nH/K  at  4.5  K  , 


(77b) 


Aqt  *  -  7.1  nH/K  at  3  K  and  below. 


dl/dT  for  the  gradloaeter  aay  now  be  conputed. 
Differentiating  Eq.  (48)  with  respect  to  the  gradient  sensing  coll 
temperature  and  the  teaperature  sensing  coil  temperature,  we 


obtain 
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By  Substituting,  Eqs.  (87)  and  (77),  and  other  numerical 
paraaeters  Into  these  equations,  we  obtain 
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-  3.7  X  10’8  /K  at  4.6  K 
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8.0  V/K  at  3  K 


t 


(82) 
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7.4  V/K  at  4.5  K 


Experimentally,  we  found 
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•  30.0  V/K  at  4.5  K  . 


(84) 
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17.5  V/K  at  4.5  K  . 


Mapoles  aeaeured  previously 


(83b) 


43.6  V/K  at  2.4  K 


Comparing  Eqs.  (84)  and  (82),  we  find  that  the  experimental 
value  Is  twice  as  large  as  the  theoretical  value,  and  our  rough 
estimate  for  the  expansion  of  stycast  epoxy  at  4.5K  must  be  too 
small  by  a  factor  of  two. 

Comparing  Eqs.  (83)  and  (81)  we  find  that  the  experimental 
value  is  much  larger  than  the  theoretical  value.  The  change  in 
Young's  modulus  ,as  reported  by  Kramer  and  Bauer9  ,  is  strongly 
dependent  on  the  chemical  purity  and  the  degree  of  stress  in  the 
sample.  It  is  also  dependent  on  the  frequency  at  which  it  is 
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Measured.  Kraaer  and  Bauer9  report  dY/dT  for  80  kHz  and  240 
kHz.  The  value  at  240  kHz  le  approximately  half  as  large  ae  that 
at  80  kHz.  Perhaps  it  Is  reasonable  to  suspect  that  dY/dT  Is  2  to 
3  times  larger  at  70  Hz.  If  we  substitute 
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±  —  .  75  x  10“°  /K  at  4.5  X  , 


and  use  a  thermal  expansion  coefflcent  for  stycast  epoxy  that  Is 
twice  as  large,  l.e.  , 


(86) 


we  obtain: 
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A  —  *  3.0  x  10"B  /K  , 


(87) 


-  12.7  V/K  at  4.5  K. 


This  Is  still  too  small. 

Experimentally,  dV/dTc  Increases  below  3.0  K.  This  Is  evidence 
that  our  understanding  of  the  thermal  properties  of  the 
gradlometer  Is  basically  correct. 
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VI.  Conclusion 


At  the  start  of  this  work,  excess  noise  In  the  low  frequency 
regime  was  thought  to  be  due  to  excess  sensitivity  to  thermal  drift 
In  the  gradient  sensing  circuit.  We  have  confirmed  this  for 
frequecles  below  0.2  Hz.  At  higher  frequencies,  we  have  shown  that 
there  should  be  no  contribution  from  thermal  drift. 

Previously  the  large  sensitivity  of  the  gradlometer  to 
thermal  drift  was  not  understood.  We  now  understand  that  this  Is 
primarily  due  to  change  In  Youngs  modulus  of  niobium  with 
temperature . 

In  addition  to  the  noise  generated  by  the  thermal  drift  at 
low  frequencies,  we  have  also  found  that  the  motion  of  flux 
trapped  In  the  lead  shield  surrounding  the  gradlometer  leads  to 
noise  with  a  l/fa  characteristic.  The  addition  of  a  //-metal 
shield  to  the  cryostat  would  remove  this. 

We  have  demonstrated  that  a  passive  subtraction  of  the  thermal 
sensitivity  can  be  accomplished  at  low  frequencies.  This 
subtraction  can  be  extended  to  higher  frequencies  by  coupling  the 
temperature  sensing  coil  more  tightly  thermally  to  the  gradient 
sensing  coil.  This  could  be  accomplished  by  mounting  the 
temperature  sensing  coil  to  the  inside  surface  of  the  gradient 
sensing  coil  form.  This  would  minimize  the  thermal  time  constant 
between  the  gradient  coil  and  the  temperature  coll.  It  Is  believed 
that  such  a  geometry  would  allow  cancellation  at  frequencies  below 
0.1  Hz.  This  combined  with  conventional  temperature  stabilization 
of  the  Inner  vacuum  can  would  allow  the  inverse  square  law  test  to 
be  carried  out. 

Another  way  of  reducing  the  temperature  sensitivity  of  the 
Stanford  Gradlometer  is  using  a  current-differencing  scheme  employed 
In  the  gradlometer  developed  at  the  University  of  Mayland6  .  In  this 
device,  the  displacements  of  the  two  proof  masses  are  sensed  by  two 
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separate  sensing  colls,  each  mounted  on  the  sane  side  of  the 
respective  proff  mass.  A  temperature  change  now  produces  effects 
which  look  like  a  comamon  acceleration  and  are  therefore  rejected  by 
the  common  mode  balance  of  the  two  sensing  loops. 


-  37  - 


I 

l 


REFERENCES 


1.  D.  R.  Long,  Mature  260,  417  (1976). 

2.  R.  Flshbasch,  D.  Sudarsky,  A.  Szafer,  C.  Talaadge,  and 
S.  H.  Aronson,  Phys.  Rav.  Latt.  56,  3  (1966). 

3.  H.  A.  Chan,  Ph.D.  thaala.  University  of  Maryland,  Collage  Park, 
Maryland  (1982),  unpublished. 

4.  S.  R.  Mapoles,  Ph.D.  thesis,  Stanford  University,  Stanford, 
California  (1981),  unpublished. 

5.  B.  J.  Palk,  J.  Astronaut.  Scl.  29,  1  (1981). 

6.  R.  A.  Chan,  B.  J.  Palk,  M.  V.  Moody  and  J.  W.  Parke, 

I BBS  Trans.  Magnetics,  MAG- 21 .  411  (1985). 

7.  Model  330  RF  SQUID  system,  Bloaagnetlc  Technologies,  Inc., 


San  Diego,  California. 

8.  Seraflnl  and  Koenig  in  Cryogenic  Properties  of  Polymers. 

9.  E.  J.  Kraaer  and  C.  L.  Bauer,  Phy.  Rev.,  .163,  407,  (1967). 


heater  PCV) 


eg.  391  Ot# 


Stoic 


oooOooooOo  ,eei”’ca 


piobijm  *  ~  ^  '  -  *  „  ^ 

wif*,  «  .J  ,  Mcicor^  Oi  I  h>rrr>  * 


Figure  17  ^naJient  Sensing 


cm 


